8. MAXWELL'SEQUATIONS

So far we have seen the four equations:

(i) V.E= glp (Gauss's law)
0
(i) v.B=0 (no name, just divB equals zero!)
(i) VxE = —% (Faraday's law)
(iv) VxB=uoJ (Ampere's law)

that together are almost Maxwell’ s equations aside...we need to

include the displacement current.

8.2 Displacement current

Up to now we have written

VxH =J
which would be one of the ‘Maxwell equations’ but there is a term
missing (in fact is was Maxwell himself who derived this term to
‘fix-up’ the set of four Maxwell eguations giving the correct

description of EM).



If we take the divergence of both sides of VxH = J we find

V.(VxH)=0=V.J (*)

div of curl of any vector field is zero
(see vector identity (9) inside front
cover of Griffiths)

But the Continuity eqn says

vi=-®
ot

for time-varying fields so (*) cannot be correct in general. To correct
things we need to add the time-varying term (Z—Ft) to ther.h.sof (*):

V.(VxH)=0=V.J +%

and since V.D = p,

oD\
V.(VxH)=0=Vv.[J+ %
(VxH) \" ot
or,
oD ‘ ,
VxH = J+ 22 corrected’ Maxwell
ot equation for curlH




The time-varying term % Is called the displacement current.
The equation
VxH =J + b
ot

tells us that there will be a magnetic field (due to the displacement

current oD/ at) even when thereis no current flow (i.e. when J = 0).

We usually write VxH = J + % interms of B and E:

VXH =J +—
/ ’ \
by recalling B = u,H (free space) and D = ¢ E (free space)

Nl

VxB-= MOJ+M08o—



8.2 Maxwell’s Equationsin differential form
We can now write the complete set of Maxwell equations, including

the correction term (the displacement current):

(i) V.E=81p (Gauss's law)

0
(i) V.B=0 (no name, just divB equals zero!)
(iii) VXE=-§ (Faraday's law)

(V) VxB =tod + Loto % (Ampére's law with

Maxwell's correction)

Egns (i) —(iv) tell ushow CHARGES produce FIELDS

and the force equation (electric + magnetic force acting on a moving
charge)
F=q(E+vxB)

tells us how FIELDS affect CHARGES which together with the

eguation of continuity

vi=-®
ot



provide all the mathematical apparatus needed to describe
electromagnetism — that is to solve all problems in classical

el ectromagnetism on the macroscopic scale.
8.3 Maxwell’sequationsin integral form

Maxwell’s eguations in integral form perhaps give us a greater

physical insight:

(I) fSDda = Qf,enc
T

integrate over closed surface S

¢

(ii) fB.da=0

d
(i) fLE.dI = —afSB.da

T

closed loop L bounding surface S

: :

. d
(iv) fiH.dl =1, 4+ [D.da



8.4 Visualization of Maxwell’s equations
(i) Gauss law: §D.da=Q, . or §.E.da= Qtotal
. j; | f,enc fs . 80

lines of E |leaving volume

T through surface S \
/ Surface S bounding
\ /'volume T
Volume r\ /

\ + ..
(]

Lines of E begin on positive charges. E lines exit enclosing volume

T through surface S. Gauss' law says the total flux of E leaving

enclosed volume T is equal to thetotal charge enclosed by surface S

divided by €,



(i) V.B=0or fSB.da= 0

A A
(differential  (integra
form) form)

— s
\\ ~
RN N

fSB.da= OorV.B=0

Lines of magnetic induction B pass through the closed surface S.

The net outward flux (divB) through the surfaceis zero.

Gauss divergence theorem states, for any ‘well-behaved' vector field

A,
[L(V.A)dt = fA.da

\ J \ )
Y Y
integral of integral of flux
divA over the through surface S
volumet enclosing volume t




, d
(iii) Faraday sIawaE.dI = —afSB.da

open surface S
(within loop)
fixed

L A

The B-field is changing
—~ giving achanging flux.
In this case B points in
direction arrowed and is
Increasing

The emf induced in the loop L defined on surface Sisequal to the

rate of change of the magnetic flux through the surface enclosed by
L.

: flux through S

d
fLE.dI = —afSB.da

e

emf inloop = vector rate of change of magnetic
integral of electric  flux through surface defined
field around L by loop L



Faraday’slaw is easy to see (and you'll recognise it from first

year!) if wetake aphysical (actual) loop (e.g. of wire):

Permanent magnet moved into loop of wire

e=-db/dt ®=BA

-\ galvanometer

provides a changing magnetic flux (the - % fs B.da term) generating

an emf inthewire (thefLE.dI term; electric field E established the

emf) which deflects the galvanometer.

- (3, 9D)
(|v)fLH.dI |t e + fDda f J+ /da
or, equivalently,

fB.d = pLof{J+8 \da



Theterm fLH .dl isequal to the sum

of two contributions linking loop L
(i) the free current J,
(i1) the displacement current 0D/ dt

The arrows on the diagram above
give the direction of the free current
J.

If D is downward and increasing or
upward and decreasing the
displacement currentJ, = dD/dt is
also in the downward direction




